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Abstract
A method of obtaining particle size and concentration information,
from ultrasonic transducer measurements of particle-wall interactions
in a particle laden fluid, is presented. A mathematical model of the
flexural vibrations of the vessel wall due to the particle impact is
constructed. The key component of this model is the derivation of
an analytic expression for the impact force amplitude. An analytic
expression for the power spectrum is then obtained that shows its ex-
plicit dependency on the system parameters. This spectrum is then
integrated over a specific frequency range and a comparison with ex-
perimental results is reported.
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I Introduction
Ultrasound is useful as a non-invasive measurement technique in industrial
settings as it can be transmitted through opaque materials and can be used
in hazardous, high temperature and high pressure environments. No observa-
tion windows or in-line sampling is therefore required, making this technique
non-invasive and non-destructive, with the additional advantage of allowing
multi-point on-line measurements to be made [1, 2, 3].
The case of a particle laden fluid being continuously stirred in a reac-
tor vessel is considered in this paper, wherein the particle’s impact with the
vessel wall, and the subsequent vibrations, are measured by an ultrasonic
transducer [4]. The power spectrum of these vibrations contain information
on the particle size and concentration of the mixture. It will be shown in this
paper that the frequency location, ωmax, of the main lobe in the spectrum
and its amplitude, u¨max, can be used to recover this information. The aim
of this paper is two fold. To theoretically show the explicit dependency of
these two key features of the vibration spectrum on the system parameters
and to use these findings to develop a method for using particle-wall impact
vibrations to non-invasively recover, for example, the size of the impacting
particles. One key advantage of analysing the data in the frequency domain
is that multiple particle-wall collisions can be dealt with. A theoretical model
has recently been developed that considers the motion of the particles in the
reactor, their impact with the vessel wall and the subsequent flexural vibra-
tions detected by the transducer attached to the exterior of the vessel [5].
This work was based on an empirical approximation for the force at impact
[6] but in this paper, an analytical approximation will be derived. However,
the significant advance in this work was that an analytical expression for the
form of the acceleration power spectrum was derived. Not only did this show
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the explicit dependency of the spectral signature on the system parameters,
but it also facilitated the inverse problem of calculating the particle size from
experimentally obtained impact data. The method successfully achieved this
but, as the amplitude of the impact force was calculated numerically, in-
formation regarding the particle concentration was lost. In fact, all of the
theoretical studies to date in this area calculate the force of impact numeri-
cally [6, 7, 8, 9, 10].
In this paper, a new analytic expression for the force of impact between a
spherical particle and a thin plate is derived that shows explicitly its depen-
dency on the system parameters. By expressing the resulting wall vibrations
as a Fourier series, an analytic approximation for the power spectrum, the
frequency of its main lobe, ωmax, and its amplitude, u¨max, are derived. The
explicit dependency of ωmax and u¨max on the system parameters is also dis-
cussed. Integrating over a specific frequency range smooths the dependency
of these spectral amplitudes on the system parameters and this is then used
to derive a method for estimating the particle concentration. A comparison
with experimental data shows reasonable quantitative agreement but, more
importantly, it highlights that the methodology has the potential to extract
particle concentration data from passive ultrasound measurements.
II Plate displacement due to impact by a gen-
eral force
In order to derive a sufficiently simple model for the particle-wall impact
vibration spectrum, a number of assumptions are made. The radius of the
vessel is far larger than the impacting particle diameter. As such, the par-
ticle experiences the relatively flat surface. The impact vibrations radiate
outwards from the point of impact and, due to the large extent of the vessel
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wall, any vibrations from the boundaries can be ignored. Hence a larger
circular plate is the natural choice with which to approximate the geometry.
The plate is assumed to be thin so that only the flexural modes of vibration
need to be considered. The centre of this plate is dictated by the point of
impact of the particle and therefore only axisymmetric vibrations are consid-
ered. Each particle instigates a train of radially outward travelling flexural
waves. These waves attenuate and dampen before they reach the distant
boundaries of the cylindrical vessel. Any subsequent reflected waves would
have a very low amplitude relative to the initial impact. Hence the wave pro-
file can be most simply described as an axisymmetric one. The model is also
simplified by ignoring the effects of the ultrasonic transducer in converting
the mechanical energy into electrical energy, ignoring other vibrations arising
from the stirrer for example, ignoring the fluid loading, and by assuming the
particle is spherical and the collision is elastic. In the experiments, the par-
ticles are sieved into size categories and so a particle size distribution exists.
However, the model will assume a single particle size given by the mean of
this distribution.
The subsequent equation for the axisymmetric motion of a clamped cir-
cular plate of radius a initially undeformed and at rest, subject to a force F
applied at the centre of the plate is [10]
u(r, t) = 1M
∞
∑
n=1
φn(0)φn(r)
ω∗n
∫ t
0
F (τ)e−ξωn(t−τ) sin (ω∗n(t− τ)) dτ, (1)
where M = ρplpia2h is the mass of the plate, ρpl is the plate density and h is
the plate thickness. The eigenfunctions φn(r) of the plate are given by [6]
φn(r) =
1√
2
(J0(γnra )
J0(γn)
− I0(
γnr
a )
I0(γn)
)
, (2)
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where γn are the roots of the frequency equation
J0(γn)I1(γn) + J1(γn)I0(γn) = 0. (3)
J0, J1 are Bessel functions of the first kind of order zero and one respectively
and I0, I1 are hyperbolic (modified) Bessel functions of order zero and one
respectively, ωn are the natural frequencies of the plate given by [6]
ωn =
(γn
a
)2
√
D
hρpl
, (4)
where D is the flexural rigidity of the plate, ω∗n = ωn
√
1− ξ2 and ξ is the
damping coefficient. The impact force F (τ) is given by
F (τ) = k(σ(τ)Tu0)3/2, (5)
where
T =
(
m
u
1
2
0 k
)
2
5
, (6)
m is the mass of the particle, u0 is the impact velocity, k is given by [6]
k = 43
√
b
(1− ν2pl
Epl
+ 1− ν
2
b
Eb
)
, (7)
b is the particle radius and νb, νpl, Eb and Epl are the Poisson’s ratios and
Young’s moduli of the particle and plate materials. The function σ(τ) is the
solution to the differential equation
d2σ
dτ 2 +
[
1 + λ ddτ
]
σ 32 = 0, (8)
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subject to the initial conditions σ(0) = 0 and σ′(0) = 1 where the inelasticity
parameter λ is [11]
λ = lkT 32u
1
2
0 =
lm
T , (9)
and
l = cos
−1 ξ
4pi(1− ξ2)
√
ρplhD
.
In all previous studies, (8) has been solved numerically [6, 7, 8, 9, 10], but
in the next section, an approximate analytical expression for σ is derived. In
the previous studies, the dependency of the vibration spectrum on the sys-
tem parameters had therefore to be derived empirically by performing many
numerical simulations. In this paper, however, we will derive an analytic
expression showing explicitly the dependency of the vibration spectrum on
the system parameters, thus removing the need for empirical hypothesising.
This is the key step in developing a methodology for recovering the particle
concentration from experimental data.
III Analytical form for the plate acceleration
In the application considered here, the particles are small, the impact veloc-
ities are low and the plate is relatively stiff and thick. Hence λ ≪ 1 and so
the series
σ = λσ0 + λ2σ1 + λ3σ2 + ... (10)
can be substituted into (8) to give,
(λσ′′0 + λ2σ′′1 + λ3σ′′2 + ...) + (λσ0)3/2 +
3
2σ
1/2
0 (λ5/2σ1 + λ7/2σ2 + ...) +
λ5/2(σ3/20 )′ +
3
2λ
7/2(σ1/20 σ1)′ + ... = 0. (11)
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A series of differential equations in increasing order of λ can then be deter-
mined, for example
O(λ3/2) : σ′′0 + λ1/2σ
3/2
0 = 0, (12)
O(λ5/2) : σ′′1 + (32λ1/2σ
1/2
0 )σ1 = −λ1/2(σ
3/2
0 )′, (13)
O(λ7/2) : σ′′2 + (32λ1/2σ
1/2
0 )σ2 = −
3
2λ
1/2(σ1/20 σ1)′. (14)
Equation (12) has integral form
∫ τ
τ0
dτ ′ = ±
∫ σ0(τ)
σ0(τ0)
dσ0
√
c− 45λ1/2σ
5/2
0
, (15)
and the two branches are solved separately to give
λσ0 = (
5
4I
−1[0, ττmax
, 25 ,
1
2])
2/5, (16)
for τ ∈ [0, τmax] where I−1 is the inverse regularised incomplete beta function,
τmax = d1
√
pi Γ(2/5)Γ(9/10) , (17)
d1 = 12
(5
4
)−3/5 and Γ is the Gamma function [12]. Similarly,
λσ0 = (
5
4I
−1[1, 1− ττmax
, 25 ,
1
2])
2/5, (18)
for τ ∈ [τmax, 2τmax]. The contact time duration is given by the expression
[5]
Th =
(4
5
)3/5 √
pi Γ[
2
5 ]
Γ[ 910 ]
T, (19)
and so, comparing (17) and (19), the relationship between Th, τmax and T
can be written as
Th = 2τmaxT. (20)
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From (5), the impact force is
F (t) = k2/5m3/5u6/50 σ(t)3/2. (21)
Hence, substituting equations (16) and (18) into (21), transforming variables
from τ → t, and using (20), the impact force can be approximated as
F (t) =











k2/5m3/5u6/50 (54I−1[0, 2tTh ,
2
5 , 12 ])3/5, if 0 ≤ t ≤
Th
2 ,
k2/5m3/5u6/50 (54I−1[1, 1− 2tTh ,
2
5 , 12 ])3/5, if
Th
2 ≤ t < Th,
(22)
for t ∈ [0, Th]. A Taylor expansion about the point τ = τmax gives a single
Taylor series for both branches of the solution and an approximate impact
force can then be found as
F (t) =
(5
4
)3/5
k2/5m3/5u6/50 (1−
α
T 2 (t−
Th
2 )
2 + ζT 4 (t−
Th
2 )
4), (23)
where α = 34
(5
4
)1/5 and ζ = 316
(5
4
)2/5. The integral in (1) can now be
analytically evaluated using (23) up to O((t− Th2 )2) to give
u(r, t) = (5)
3/5k2/5m3/5u6/50
64(2)1/5MT 2
∞
∑
n=1
φn(0)φn(r)
ω3nω∗n
(24)
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×























































√
1− ξ2(32T 2ω2n − v1(4t2ω2n + T 2hω2n + 8Thξωn − 4t(Thωn+4ξ)
ωn + 32ξ2 − 8)) + e−ξωnt(
√
1− ξ2(v1(T 2hω2n + 8Thξωn + 32ξ2 − 8)
−32T 2ω2n) cos(tω∗n) + (v1T 2hξω2n + 4v1Th(2ξ2 − 1)ωn
+8ξ(v1(4ξ2 − 3)− 4T 2ω2n)) sin(tω∗n)), 0 ≤ t ≤ πω0 ,
e−ξωnt(
√
1− ξ2(v1(T 2hω2n+8Thξωn+32ξ2−8)− 32T 2ω2n) cos(ω∗nt)
+(v1T 2hξω2n + 4v1Th(2ξ2−1)ωn+8ξ(v1(4ξ2−3)−4T 2ω2n)) sin(ω∗nt))
+eωnξ(Th−t)(−
√
1− ξ2(v1(T 2hω2n − 8Thξωn + 32ξ2 − 8)
−32T 2ω2n) cos(ω∗n(t− Th))− (v1T 2hξω2n + 4v1Th(1− 2ξ2)ωn
+8ξ(v1(4ξ2 − 3)− 4T 2ω2n)) sin(ω∗n(t− Th))), t > πω0 ,
where v1 = 3(2)3/5(5)1/5. The first branch of (24) describes the dynamics of
the plate whilst the particle is in contact with the plate, 0 < t ≤ Th ( or 0 <
t ≤ pi/ω0), and the second branch considers the subsequent vibrations once
contact has ceased, t > Th (t > pi/ω0). The expression must be simplified
further to enable the displacement to be written as a Fourier series. To this
end, the damping in the plate is neglected to render the coefficients in the
second branch of (26) time independent. Therefore, letting the internal loss
factor ξ → 0, (24) becomes
u(r, t) = k
2/5m3/5u6/50
M
∞
∑
n=1
φn(0)φn(r)
×

















An(ωn, ω0) cos(ωnt) + Bn(ωn, ω0) sin(ωnt) + Cn(ωn, ω0, t) 0 ≤ t ≤ Th,
An(ωn, ω0) cos(ωnt) + Bn(ωn, ω0) sin(ωnt)
−An(ωn, ω0) cos(ωn(t− πω0 )) + B2(ωn, ω0) sin(ωn(t−
π
ω0 )), t > Th,
(25)
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where
An(ωn, ω0) =
3(−8ω20 + pi2ω2n)Γ[25 ]2 − 20piω2nΓ[ 910 ]2
8 (2)1/5 (5)2/5piω4nΓ[ 910 ]2
,
Bn(ωn, ω0) = −
15 (2)4/5 (5)3/5ω0Γ[25 ]2
ω3nΓ[− 110 ]2
,
and Cn(ωn, ω0, t) = −
3(−8ω20 + (pi − 2ω0t)2ω2n)Γ[25 ]2 − 20piω2nΓ[ 910 ]2
8 (2)1/5 (5)2/5piω4nΓ[ 910 ]
.
The first branch is problematic since Cn contains time-dependent terms.
However, since the second branch of (25) exists over a far larger time pe-
riod than the first branch, it therefore dominates the power spectrum, and
the first branch can be neglected. Therefore, (25) becomes
u(r, t) = k
2/5m3/5u6/50
M
∞
∑
n=1
φn(0)φn(r)(An(ωn, ω0) cos(ωnt)
+ Bn(ωn, ω0) sin(ωnt)− An(ωn, ω0) cos(ωn(t−
pi
ω0
))
+ Bn(ωn, ω0) sin(ωn(t−
pi
ω0
))), t > Th, (26)
where An and Bn can now be interpreted as Fourier coefficients. Since the
transducer detects the force of the impact, (26) is differentiated twice with
respect to time to give the plate acceleration. By expanding the cosine and
sine terms, the plate acceleration is given by
u¨(r, t) =
∞
∑
n=1
an cos(ωnr + pn), (27)
where the Fourier coefficients are
an =
k2/5m3/5u6/50
ω2ng2M
(
φ2n(0)φ2n(r)
× (g3ω0ωn cos(
piωn
2ω0
) + (g4ω20 + g5ω2n) sin(
piωn
2ω0
))2
)1/2
, (28)
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and
g2 = 21/5 5−8/5piΓ[−
1
10]
4,
g3 = 1200 22/5pi2Γ[
4
5]
2,
g4 = −24Γ[−
1
10]
2Γ[25]
2,
g5 = Γ[−
9
10]
2(3pi2Γ[25]
2 − 20piΓ[ 910]
2).
Assuming that the γn are large, approximations for the Bessel functions in
(3) can be made so that
γˆn = pin, n ∈ Z |n| ≫ 1. (29)
Substituting (29) into (2), the expression for the eigenfunctions of the plate
is then
φˆn(r) =
1√
2
(J0(πnra )
J0(pin)
− I0(
πnr
a )
I0(pin)
)
, (30)
and the natural plate frequencies from (4) become
ω¯n =
(pin
a
)2
( D
ρplh
)1/2
. (31)
Assuming that r/a ≪ 1, that the frequency range is restricted to cover the
first main lobe in the power spectrum, and approximating φˆn(r) by φˆn(0)
gives
φˆn(0)2 ≈
√p1ω¯n + p4, (32)
where p1 and p4 are constants given by
p1 = a2
√
ρplh
D p3,
p3 =
1
12pi2
(
− 1J0(pi)4
− I0(pi)4(1−
2I0(pi)(2I0(pi)2 + 3I0(pi)J0(pi) + 2J0(pi)2)
J0(pi)3
)
12
+ 1J0(2pi)4
+ I0(2pi)4(1−
2I0(2pi)(2I0(2pi)2 + 3I0(2pi)J0(2pi) + 2J0(2pi)2)
J0(2pi)3
)
)
,
p4 =
1
12
( 4
J0(pi)4
+ 4I0(pi)4(1−
2I0(pi)(2I0(pi)2 + 3I0(pi)J0(pi) + 2J0(pi)2)
J0(pi)3
)
− 1J0(2pi)4
−I0(2pi)4(1−
2I0(2pi)(2I0(2pi)2+3I0(2pi)J0(2pi)+2J0(2pi)2)
J0(2pi)3
)
)
. (33)
III.1 The frequency of the main spectral lobe
Experimental observations of the vibration spectra arising from particle-wall
impacts have shown that the frequency of the main spectral lobe is sensitive
to changes in the system parameters [4]. In particular, the main lobe has
been observed to shift its frequency location as the particle size changes. In
this section the explicit dependency of the frequency of the main lobe on the
system parameters is derived. Equation (32) can now be substituted into
(28) and a Taylor series of the resulting expansion about the point ω = 2ω0,
up to O ((ω − 2ω0)2), can then be derived. The frequency of the maximum
lobe ωmax is then found using basic calculus to be
ωmax = ω0


Df1 + a2hρplω0(f2
√
D
hρpl + f3a
2ω0)
Df4 + a2hρplω0(f5
√
D
hρpl + f6a
2ω0)

 , (34)
where
f1 = 3 22/5Γ[−
1
5]
2p24(−16 + 3pi2)− 5 p24Γ[−
1
10]
2Γ[ 910]
2,
f2 = 3 27/5p3 p4(−27 + 5pi2)Γ[−
1
5]
2 − 10p3 p4Γ[−
1
10]
2Γ[ 910]
2,
f3 = 3 27/5 p23(−21 + 4pi2)Γ[−
1
5]
2,
f4 = 3 22/5 p24(−6 + pi2)Γ[−
1
5]
2,
f5 = p3 p4(3 22/5(−20 + 3pi2)Γ[−
1
5]
2 + 5Γ[− 110]
2Γ[ 910]
2),
and f6 = p23(3 22/5(−15 + 2pi2)Γ[−
1
5]
2 + 10Γ[− 110]
2Γ[ 910]
2).
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Equation (34) can then be rewritten as
ωmax = ω0
(f1 + n2f2 + n22f3
f4 + n2f5 + n22f6
)
, (35)
where n2 = a2ω0
√
hρpl
D . Since n2, f5 ≫ 1 and f6n22 ≫ f5, (35) reduces to
ωmax = ω0(a1 + a2ε), (36)
with a1 = f3f6 , a2 =
f2
f6 and ε =
1
n2 =
1
a2ω0
√
D
hρpl ≪ 1. Furthermore, since D =
Eplh3/(12(1−ν2pl)), ω0 = g1u
1/5
0 /(bρ
2/5
b z2/5) and z = (1−ν2pl)/Epl+(1−ν2b )/Eb
where ρb is the density of the particle and g1 is a constant given by
g1 =
( 4
5pi
)2/5 5√piΓ[ 910 ]
4Γ[25 ]
,
then ωmax can be written as
ωmax = a¯1u1/50 b−1ρ
−2/5
b
(1− ν2pl
Epl
+ 1− ν
2
b
Eb
)−2/5
+ O(ε), (37)
where a¯1 = a1g1. Retaining one additional term in the ε-expansion highlights
further parameter dependency,
ωmax = a¯1u1/50 b−1ρ
−2/5
b
(1− ν2pl
Epl
+ 1− ν
2
b
Eb
)−2/5
+ a¯2E1/2pl h(1− ν2pl)−1/2ρ
−1/2
pl a−2 + O(ε2), (38)
where a¯2 = a2/2
√
3. Equations (37) and (38) show that ωmax varies inversely
with the particle radius b and, to a lesser extent, it varies directly with the
plate thickness h. It can also be concluded that ωmax is proportional to the
impact velocity u0 to the power 1/5, proportional to the particle density ρb to
the power −2/5, proportional to the density of the plate to the power −1/2
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and ωmax is also proportional to the plate radius to the power −2. Details
of the calculation procedure for u0 is given in [5].
If the material of the particle and plate are identical (Eb = Epl = E) then
ωmax is proportional to E to the power 1/2. In the case where Eb ≪ Epl,
then
(1− ν2pl
Epl
+ 1− ν
2
b
Eb
)−2/5
=
(1− ν2b
Eb
)−2/5(
1 +
1− ν2pl
1− ν2b
Eb
Epl
)−2/5
,
=
(1− ν2b
Eb
)−2/5(
1− 25
(1− ν2pl
1− ν2b
) Eb
Epl
+ O
( Eb
Epl
))
,
= (1− ν2b )−2/5E
2/5
b −
2
5
(1− ν2pl)
(1− ν2b )7/5
E−1pl E
7/5
b .
In this case, ωmax is proportional to Eb to the power 2/5 and proportional
to Epl to the power −1. So the dependency of this feature of the vibration
spectrum on the system parameters has been derived without recourse to
lengthy numerical simulations and empirical derivations.
III.2 The amplitude of the main spectral lobe
Experimental work has also shown that the amplitude of the vibration spec-
trum, and the area under the spectrum, can be related to the particle con-
centration [4]. Now that the dependency of the frequency of the maximum
lobe on the system parameters has been obtained, the explicit dependency
of the amplitude of this lobe on the same parameters can be investigated.
Substituting (32) and (33) into (28) evaluated at ωn = ωmax, gives
u¨max =
k2/5m3/5u6/50
g2M
(
1
ω4max
(p4 + a2p3ωmax
√
hρpl
D )
× (g3ω0ωmax cos(
ωmaxpi
2ω0
) + (g4ω20 + g5ω2max) sin(
ωmaxpi
2ω0
))2
)1/2
.(39)
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The trigonometric terms can also be approximated using (36) and the max-
imum amplitude of the main lobe can then be written as
u¨max = Z1(u13/50 b3/2ρ
2/5
b a−1ρ
−3/4
pl h−3/2)
(1−ν2pl
Epl
+1−ν
2
b
Eb
)−3/5(1−ν2pl
Epl
)1/4
+O(ε1/2).
(40)
where Z1 = (4
√2g1z¯1)/(33/4pi2/5), Z2 = (4z¯2)/(
√2g135/4pi2/5), z¯1 =
√z1/g2
and z¯2 = z2/(2g2
√z1). The maximum amplitude u¨max therefore varies in-
versely with the plate radius a and in a more complex way with the other
parameters. For instance, u¨max is proportional to the particle radius b to
the power 3/2, proportional to the plate thickness h to the power −3/2, and
proportional to ρb to the power 2/5. u¨max is also proportional to ρpl to the
power −3/4 and to u0 to the power 13/10.
If the material of the particle and plate are the same (Eb = Epl = E and
νb = νpl = ν), then (40) gives
(1− ν2pl
Epl
+ 1− ν
2
b
Eb
)−3/5(1− ν2pl
Epl
)1/4
= 2−3/5
(1− ν2
E
)−3/5(1− ν2
E
)1/4
= 2−3/5
(1− ν2
E
)−7/20
,
and
(1− ν2pl
Epl
+ 1− ν
2
b
Eb
)−1/5(1− ν2pl
Epl
)−1/4
= 2−1/5
(1− ν2
E
)−1/5(1− ν2
E
)−1/4
= 2−1/5
(1− ν2
E
)−9/20
. (41)
Hence, in this case, u¨max is proportional to ν to the power −9/10 and pro-
portional to E to the power 9/20.
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Figure 1: Comparison of experimental data with the model predictions given
by (28). Particle diameters are measured in µm, the plate thickness was 1cm
and a plate area of 300cm2 was used in the model.
IV Comparison with experimental results
In the experiments that we have performed (and in the industrial setting), the
measured vibrations arise from a series of impacts staggered over time. As
such, the time domain plots are extremely complicated and this is the main
reason (and advantage) for working in the frequency domain. Data from the
series of multi-particle experiments involving itaconic acid particles stirred
in toluene with the particle-wall impact vibrations being measured using an
ultrasonic transducer (Nano 30, [13]) are now investigated [4, 14]. Three dif-
ferent particle size categories of itaconic acid (S: particles with diameter less
than 250µm, M: particles with diameter lying between 250µm and 500µm
and L: particles with diameter lying between 500µm and 850µm), were stirred
continuously at 250rpm in 500mL of toluene inside a bell-shaped glass vessel
at separate times. The transducer was attached to the outside of the reactor
vessel on the vertical wall level with the stirrer plane, [4]. For each parti-
cle size category, the mass of itaconic acid particles in a constant amount
of toluene was varied from 10g up to 200g. The area under the resulting
17
frequency response spectrum between 50kHz and 500kHz was calculated and
compared with the equivalent area under the model predictions, given by
(28) (see Fig.1). The particle radius, density and mass of the itaconic acid
particles added in each experiment are used to calculate the total number of
particles being stirred in the toluene. Of course not all of these particles will
impact with the vessel wall and be detected by the transducer during the
time window in which experimental data is captured. In order to reflect this
probabilistic element, the total number of particles is reduced by a scaling
factor (Ω) to give the number of impacting particles. This scaling factor
is obtained by calibrating the experimental and theoretical predictions for
a known number of particles. The number of impacting particles can then
be calculated for any of the experimental particles concentration levels. By
simply multiplying this number by the mass of a single particle, the model’s
concentration level can be calculated (the horizontal axis in Fig.1). To calcu-
late the area under the vibration spectrum curve (the vertical axis in Fig. 1),
the amplitudes given by (28) are summed over the relevant frequency range.
The gives the vibration energy transmitted by a single particle. The impact
force from a series of particle-wall collisions is then calculated by multiplying
the energy from a single particle by the square root of colliding particles [15].
The restriction imposed upon the frequency range reduces the effect of the
noise in the experimental data, and also concentrates on the frequency range
of the main lobe in the spectrum. Fig.1 shows that the model and exper-
iment compare reasonably well. The theoretical predictions show the area
under the vibration spectrum curve increasing smoothly in proportion to the
square root of the particle concentration. The experimental profiles have a
richer structure, particularly at the lower concentrations and there appears to
be a threshold at around 80g at which the behaviour of the profiles change.
This is no doubt due, in part, to the particle concentration depending on
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the scaling factor Ω being nonlinear. Other assumptions in the modelling,
such as ignoring the effect that the transducer has on the spectrum, and
assuming that all the particles have identical size, will also have an impor-
tant role to play. Importantly, however, Fig. 1 shows that different particle
size categories are segregated and correctly ranked. An inverse methodology
to recover particle concentration would involve using the frequency of the
main spectral lobe to estimate the particle size [5] and then the amplitudes
of the Fourier components to produce a plot similar to Fig. 1 to recover the
concentration.
V Conclusions
An ultrasonic transducer has been used to measure the vibrations of the
external wall of a vessel containing spherical particles stirred in a carrier fluid,
[4]. The inverse problem of extracting the particle size has been tackled by
constructing a model of the particle’s motion in the vessel, its impact with
the vessel wall and the resulting flexural vibrations [5]. However, information
regarding particle concentration was lost due to the use of an empirically
derived impact force amplitude. In this paper, an analytic expression for
the amplitude of the impact force of a spherical particle colliding with a
circular thin plate has been derived. This allowed the resulting vibrations
to be written in the form of a Fourier series, an analytic expression of the
power spectrum to be obtained, and its explicit dependency on the system
parameters to be shown. Experimental results compared well with the model
and different particle size categories were clearly segregated and ranked in
size order. This approach could be combined with the particle size recovery
methodology derived in [5] to create an inverse method for estimating the
particle concentration.
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